In this paper, we present a new generalization to compute determinants and inverses of r−circulant matrices Q n = circ r b a
2 l n whose entries are the biperiodic Fibonacci and the biperiodic Lucas numbers, respectively. Also, we express determinants of the matrices Q n and L n by using only the biperiodic Fibonacci and the biperiodic Lucas numbers.
Introduction and Preliminaries
For n ∈ N 0 , the Fibonacci and Lucas numbers are defined by F n+2 = F n+1 + F n and L n+2 = L n+1 + L n with the initial conditions F 0 = 0, F 1 = 1 and L 0 = 2, L 1 = 1, respectively. During the recent years, the researchers have studied the generalizations, representations and applications of the Fibonacci and Lucas numbers [2] [3] [4] [5] [6] [7] . For example, Edson and Yayenie introduced a new generalization of Fibonacci sequence [4] , {q n } n∈N 0 q 0 = 0, q 1 = 1, q n+2 =        aq n+1 + q n , if n is even bq n+1 + q n , if n is odd ,
where a, b are nonzero real numbers and n ∈ N 0 . They also developed an extended Binet formula which is
where n ∈ N 0 and ξ(n) = n − 2 n 2 . Then, Bilgici [5] defined a new generalization of the Lucas numbers, {l n } n∈N 0 , as l 0 = 2, l 1 = a, l n+2 =        bl n+1 + l n , if n is even al n+1 + l n , if n is odd ,
where a, b are nonzero real numbers and n ∈ N 0 . Also he developed the Binet formula of this sequence as
In equation (2) and (4) are the roots of the characteristic equation of x 2 − abx − ab = 0. Throughout this paper, we assume that a and b are positive real numbers.
Now we give some preliminaries related our study. A matrix C = c i j ∈ M n,n (C) is called circulant matrix if it is of the form
The determinant and inverse of a nonsingular circulant matrix A = circ(a 0 , a 1 , . . . , a n−1 ) can be given as [17] det A = 
where b s = 1 n n−1 r=0 (w r ) −1 w −rs , where (x) = n−1 i=0 a i x i , w = exp( 2πi n ) and s = 0, 1, . . . , n − 1. In recent years, there have been several studies on the norms, determinants and inverses of circulant and r−circulant matrices [9-13, 15, 16, 18, 19] . For instance, Köme and Yazlik studied the spectral norms of r-circulant matrices with the biperiodic Fibonacci and Lucas numbers [14] . Yazlik and Taskara presented the norms of an r−circulant matrix with the generalized k−Horadam numbers [15] . Shen et al. gave the determinants and inverses of r−circulant matrices with the Fibonacci and Lucas numbers [16] .
Determinant and inverse of r−circulant matrix with the biperiodic Fibonacci numbers
Definition 2.1. An (n × n) r−circulant matrix with biperiodic Fibonacci numbers entries is defined by
The following theorem gives us the values of the determinant of this matrix can be expressed by using only the biperiodic Fibonacci numbers.
q n is r−circulant. Then,
where r
− 3r b a q 1 q 2 q 3 and it satisfies the equation (7). For n > 3, we define the matrices
and
Using these matrices, we get
It can be seen from (8) and (9) that
Hence, for all n > 3, we obtain
Since S n is an upper triangular matrix, we have
By using the identity
we get
. Then, inverse of matrix A, A −1 = a i j , can be given by
q n be r−circulant (n ≥ 3 and 0 r ∈ C) such that
where
Proof. Let
q m−1 , for m = 4, 5, . . . , n,
Let H = diag(q 1 , n ). Then we get
where the matrix A is given in the Lemma 2.3 and ⊕ denotes the direct sum. Let T n = R n U n . Then we have 
Since Q −1 is r−circulant, the proof is completed.
Determinant and inverse of r−circulant matrix with the biperiodic Lucas numbers
Definition 3.1. An (n × n) r−circulant matrix with biperiodic Lucas numbers entries is defined by
The following theorem gives us the values of the determinant of this matrix and shows that they can be expressed by using only the biperiodic Lucas numbers.
− 3r b a l 1 l 2 l 3 and it satisfies the equation (11). For n > 3, we define the matrices
By using the matrices V n and G n , the proof can be made in a similar way as in the Theorem 2.2.
. Then, inverse of the matrix B, B −1 = b i j , can be given by
2 l n be r−circulant (n ≥ 3 and 0 r ∈ C) such that
. Then
where Proof. Let 
